We study inflationary models with a Gauss-Bonnet term to reconstruct the scalar field potentials and the Gauss-Bonnet coupling functions from the observable quantities. Using the observationally favored relations for both n s and r, we derive the expressions for both the scalar field potentials and the coupling functions. The implication of the blue-tilted spectrum, n t > 0, of the primordial tensor fluctuations is discussed for the reconstructed configurations of the scalar field potential and the Gauss-Bonnet coupling.
Introduction
Current stage of the cosmological observations, particularly of the Cosmic Microwave Background (CMB) anisotropies by the WMAP [1] and Planck collaborations [2] [3] , have the prospect of providing precise constraints on the models for the origin of the large-scale structure, amongst which inflation [4] is currently the leading candidate. The inflationary scenario, there exist hundreds of different inflationary scenarios in the market at present [5] , remains successful to explain the current observations. In spite of the success of inflation, there have been several unresolved problems, for example the initial singularity problem and trans-Planckian problem. Especially, if we consider the Planck scale, it is widely believed that quantum gravity would play an important role. However, because we have any complete theory of quantum gravity yet, we would consider Einstein gravity with some modifications as the effective theory of ultimate quantum gravity. One of the corrections is to consider the Gauss-Bonnet term which appears naturally in low energy effective theory of string theory and in renormalising the stress tensor in curved spacetime. We have considered the Gauss-Bonnet term to study the importance of theories beyond standard single field slowroll inflation models in our previous paper [6] . If a particular form of the potential is given, in general, one computes the observable quantities. As a result of the work, we computed the observable quantities for the specific choices of the potentials and the coupling functions and provided constraints on those quantities in light of observational data [2] .
If a particular set of observations with some accuracy is given, one can attempt the task to reconstruct the inflaton potential from the observable quantities [7] [8] . Therefore, in our current work, we are interested in the inverse problem of reconstructing the inflaton potentials and the Gauss-Bonnet coupling functions from the observable quantities. Following the approach used in Ref. [8] , we extend the study to the inflationary models with the Gauss-Bonnet term that is non-minimally coupled to a dynamical scalar field.
One interesting feature in the inflation model with the Gauss-Bonnet term is that the consistency relation r = −8n t of the standard inflation model is violated. In the conventional inflation model with the scalar field minimally coupled to gravity, the Hubble rate monotonically decreases (Ḣ < 0), such that > 0. Hence, one can conclude that the spectral index of the primordial tensor fluctuation is always negative, n t = −2 . Therefore, the spectrum of the tensor modes is red-tilted. Although the present observations cannot determine the tilt of the tensor spectral index, from the perspective of theoretical interpretations, it is interesting to investigate the blue spectrum of the tensor modes in the framework of inflationary cosmology [9] . This paper is organized as follows. In Section 2, we briefly review the main findings of our previous work and describe the procedure for constructing the inflaton potential. We consider example models in Section 3 to reconstruct the inflaton potential as well as the Gauss-Bonnet coupling function. Section 4 illustrates what can be learned for the reconstructed potential from the observable quantities. In our model, the blue spectrum for the tensor fluctuations is obtained and that we will discuss the details in the section. We conclude with a discussion in Section 5. The units of
pl is used throughout this paper.
Setup
The action that we consider is composed of the Einstein-Hilbert term and the canonical scalar field which couples non-minimally to the Gauss-Bonnet term through the coupling function ξ(φ),
where R 2 GB = R µνρσ R µνρσ − 4R µν R µν + R 2 is the Gauss-Bonnet term. The Gauss-Bonnet coupling ξ(φ) is required to be a function of the scalar field in order to give nontrivial effects on the background dynamics. In a Friedmann-Robertson-Walker(FRW) universe with a scale factor a and with an arbitrary constant curvature K,
the background dynamics of this system yields the Einstein and the field equations
where a dot represents a derivative with respect to the cosmic time t, H ≡ȧ/a denotes the Hubble parameter, V φ = ∂V /∂φ, and ξ φ = ∂ξ/∂φ. Since ξ is a function of φ,ξ impliesξ = ξ φφ . If ξ is a constant, the background dynamics would not be influenced by the Gauss-Bonnet term because it is known that the Gauss-Bonnet in four dimensional spacetime is a topological term. In this work, we consider the case in which the scalar field slowly rolls down to the minimum of the potential and the Gauss-Bonnet term is assumed to be a small correction to gravity.
Hence, the following inequality must be satisfied [6] ;
We define the following slow-roll parameters to reflect the slow-roll approximations above
Under Eq. (6), the background equations, Eqs. (3)- (5), become for K = 0
We rewrite Eq. (7) in terms of the potential and the Gauss-Bonnet coupling function as
where
Another key parameter in an inflationary scenario is the e-folding number, N , that measures the amount of inflationary expansion from a particular time t until the end of inflation t e
where φ e = φ(t e ) is the field value at the end of inflation. To give standard reheating process, N 50 ∼ 60 is assumed at the horizon crossing time, k = aH where k is the comoving scale.
If the potential and the Gauss-Bonnet coupling function are given, the observable quantities can be easily obtained [6] up to leading order in terms of the slow-roll parameters as
After computing Eqs. (17)-(19) for a given potential and the Gauss-Bonnet coupling function, the rest is to check its consistency with the observational data. However, in this work, we are interested in an inverse problem of reconstructing the inflaton potential V (φ) and the Gauss-Bonnet coupling function ξ(φ) from the observational data [2, 3] using Eqs. (17)-(19). To reconstruct V (φ) and ξ(φ), we use n s and r that are functions of N . Therefore, first, we construct them in terms of N , then write N as a function of φ by using Eq. (16).
Since the observable quantities can be expressed as the functions of N [1] [2] [3] , it is convenient to work with the slow-roll parameters as the functions of N and we obtain = 1 2
By using Eqs. (20)- (23), we rewrite Eqs. (17)- (19) as
where [. . . ] ,N represents a derivative respect to the e-folding number N . We obtain the scalar field potential in terms of n s and r from Eqs. (24) and (25),
and then we find ξ(N ) by substituting Eq. (27) into Eq. (25),
where c 1 and c 2 are the integration constants. Therefore, for the given relations of n s − 1 and r, one can construct the scalar field potential and the Gauss-Bonnet coupling functions. Using Eq. (16) together with Eq. (25), one also can find the relation between the number of e-folding N and the scalar field φ as,
Example models
There are hundreds of inflation models in the market [5] that show good fit with the observational data, hence it is hard to figure out a unique inflation model even when the model parameters accurately fit with the data. Therefore, in this section, we reconstruct the inflaton potentials as well as the Gauss-Bonnet coupling functions by using the general relations for both n s and r that are in good agreement with the latest Planck data [2, 3] . As the input, we consider
where β, γ, p and q parameters are arbitrary integers while α is also an arbitrary constant but not necessary to be an integer. These model parameters can be chosen such a way that the relations in Eqs. (30)-(31) to be consistent with the observational data [2, 3] . Previously the authors of Ref. [8] have studied the inverse problem of reconstructing the inflaton potential from the spectral index for a model without the Gauss-Bonnet term. They used the same relation as Eq. (30), but without α, to construct the potential. As the result, the authors obtained the tensor-to-scalar ratio, r, with the similar form as Eq. (31) without α. In our case, if the Gauss-Bonnet coupling in Eq. (1) is constant or zero, the consequent result must converge to that of Ref. [8] because it is known that the Gauss-Bonnet term is topological in four dimensions. Therefore, in principle, the scalar field potential that obtained in Ref. [8] can be reproduced in our model.
In the following two subsections, we work with the specific models to construct the scalar field potentials and the Gauss-Bonnet coupling functions from Eqs. (30)-(31). In Section 3.1, we aim to test our method by reproducing the scalar field potential that obtained in Ref. [8] . Therefore, without loss of generality, we set γ = 1. Then, in Section 3.2, we extend our studies to other examples.
Model with γ = 1
To be consistent with [8] , we set β = p = 2 and q = 8 such that Eqs. (30)- (31) become
Then we obtain from Eqs. (28) and (27),
Because N can be solved in terms of φ from Eq. (29),
where C is an integration constant which is responsible for the shift of φ, we rewrite both the potential and the coupling functions in terms of scalar field, φ, as
In α → 0 limit, the leading order contribution gives
The Gauss-Bonnet coupling function in Eq. (40) becomes zero if c 1 = c 2 or constant otherwise. In either cases, the Gauss-Bonnet term does not give any effects on the background evolution in four dimensions. Therefore, the background evolution in our model reduces to Einstein gravity, and the Gauss-Bonnet correction term does not play any role on the dynamics in α → 0 limit. Eq. (39) shows that our result reproduces the potentials obtained in [8] [10].
Model with γ = 0
In this section, we consider γ = 0 case to obtain the scalar field potential as well as the Gauss-Bonnet coupling function. For γ = 0, Eqs. (30)-(31) become
We obtain after substituting Eqs. (41)- (42) into Eq. (28)
where β = 1 is assumed. 1 The scalar-field potential can also be obtained with the help of Eq. (27) as
Eq. (29) gives
where α > 0 is necessary since the observations [2, 3] favor positive q, and this equation is to be solved as N (φ) for given p. It is often assumed for large field inflation that the field value at the end of inflation is negligible compared to that of the beginning of inflation, φ e φ. Therefore, from now and through out the rest of this paper, we will ignore φ e with having in mind that we are dealing with the large field inflation model. In the following two subsections, we will consider p = 1 and p = 2 cases, respectively, for simplicity.
p = 1 case
If p = 1 in Eq. (42), the corresponding n s and r relations look same as those obtained in Ref. [11] . Therefore, if our reconstruction method is right, one may expect to see the power-law potential and the inverse power-law coupling functions as a result in the end of this section. When p = 1, we obtain from Eq. (45)
1 We do not consider a case with β = 1, in this paper, due to our interest. If β = 1, from Eq. (41), the number of e-folds should approximately be N ∼ 30 − α in order to be consistent with the observational value of ns ∼ 0.9655 ± 0.0062 [3] . On the other hand, we need N 50 ∼ 60 for inflation, therefore α must take negative value between −30 ≤ α ≤ −20 which later conflicts with Eq. (45) where α > 0 is necessary. For β = 2 case, however, we have no such contradictions and everything is fine.
where q = 0 and Eqs. (43)- (44) give
To be more consistent with Ref. [11] , it is worth to express α and β in terms of the new parameter, n, as follows
Eqs. (47)- (48) can be rewritten as
where if c 2 = 0, the Gauss-Bonnet coupling function holds inverse relation to power-law potential, ξ(φ) ∼ 1/V (φ). In Fig. 1 , we plot Eqs. (50)-(51) for n = 2. As is seen in Fig. 1 and in Eq. (51), ξ(φ) = 0 for every q = 4n when c 2 = 0 or ξ(φ) = const. when c 2 = 0. In either case, the background evolution would be described by Einstein gravity with a dynamical scalar field. The potential takes its minimum value at φ min = 0 for α = 0, however, the minimum shifts as
for α = 0 depending on both q and n values.
p = 2 case
We obtain from Eq. (45) when p = 2
where α > 0 and q > 0 are assumed. By substituting Eq. (53) into Eqs. (43)- (44), we obtain
where β = 1. In Fig. 2 , we plot Eqs. (54)-(55) with β = 2. Previously, in p = 1 case, we were able to see that the potential and the Gauss-Bonnet coupling functions hold inverse relation to each other when c 2 = 0. Unfortunately such relation seems not to be hold in p = 2 case even when c 2 = 0 as shown in Fig. 2(c) . Fig. 2(a) shows that the general shape of the reconstructed potential is similar to that of a "T-model" studied in Ref. [10] with a small bump on the side which eventually disappears as α goes to zero and vice versa. The existence of such bump in the potential may play an important role for possible blue-tilt of the primordial tensor fluctuations as it is discussed in Ref. [12] .
Before going into the details of the blue spectrum for the tensor modes in the next section, let us obtain the slow-roll solution to the background equations of motion. Recalling approximate Eqs. (8)- (10) together with Eq. (54) and Eq. (55) with β = 2, we obtain the following slow-roll solution for the scalar field in terms of N ,
where C is an arbitrary constant. In Fig. 3 , we compare the numerical solution of Eqs. (3)- (5) with the slow-roll solution in Eq. (58). It has been shown in Fig. 3 that the slow-roll solution fits well with the exact and numerical solution during inflation period. 4 The blue-tilted spectrum of the tensor modes in γ = 0 model with p = 2
According to Ref. [12] , an interesting feature of our model is that the spectrum of the primordial tensor fluctuations can be blue-tilted if the potential and the Gauss-Bonnet coupling functions take the form given in Eqs. (54)-(55) when β = 2. The blue-tilt of the tensor fluctuations is impossible to be achieved for the conventional inflation models, those considered in Ref. [2, 3] . The Hubble rate H monotonically decreases during slow-roll inflation for these conventional models of inflation,Ḣ < 0, hence it is implied that > 0. Therefore, one can conclude from Eq. (19) that the spectral index of the primordial tensor fluctuations for the conventional inflation models is always negative, n t < 0, hence spectrum is called red-tilted [9] .
The situation is violated such that the spectrum is blue-tilted if the scalar field climbs up the potential slope, see Fig. 4 , in its early evolution before it rolls down in its late time evolution [12] . We can see from Fig. 4 that if the initial value of the scalar field, φ 0 , is larger than the field value at which the potential takes its maximum, φ * , such that φ 0 > φ * , the scalar field needs to climb up the potential slope otherwise it simple rolls down the hill. Therefore, we argue that the blue-tilt of the spectrum for the tensor modes would be realized when the scalar field is initially released at φ 0 > φ * . If the scalar field is initially released at φ 0 < φ * , the spectrum would be red-tilted. It is called the spectrum is scale invariant if φ 0 = φ * [12] .
On the other hand, to achieve the blue-tilted spectrum for the tensor fluctuations n t > 0, < 0 must be satisfied from Eq. (19) in our model, such thatḢ > 0 is necessary from Eq. (7). Using Eq. (11) together with Eq. (15), one can easily obtain following condition for Gauss-Bonnet coupling function,
where V φ < 0 for the scalar field which climbs up to the potential slope. Once this conditions are satisfied, the blue-tilted spectrum of the tensor modes would be achieved in our model. By substituting Eqs. (54)- (55) with β = 2 into Eq. (59), we obtain
and is clearly satisfied for all values of α > 0 and q > 0, hence the spectrum would be blue-tilted. We can make the following analysis for the blue-tilted spectrum of the primordial tensor fluctuations. As we mentioned earlier, is required to be negative for achieving the blue spectrum. In addition to this, slow-roll inflation requires the slow-roll parameters to satisfy the slow-roll conditions in which | |, |δ 1 | 1. Therefore, the first slow-roll parameter takes values between −1 < 0. After substituting Eqs. (43)- (44) with p = 2 = β into Eq. (20), we obtain
where α > 0. We find from Eq. (61) the condition −1 < 0 is satisfied only for N > 1. On the other hand, > 0 between 0 < N < 1, hence the spectrum is red-tilted. In Fig. 5 , we plot and n t as a function of N by choosing α = 10 −4 . The red color in Fig. 5 between 0 < N < 1, indicates positive and the red-tilted spectrum while the blue, N > 1, color corresponds to negative and blue-tilted spectrum. For the second slow-roll parameter, from Eqs. (18)- (19), we find −1 δ 1 < 0 because the tensor-to-scalar ratio is positive r > 0 in our model due to our choice in Eq. (31). Substituting Eqs. (43)- (44) with p = 2 = β into Eq. (22), we obtain
Although δ 1 has nothing to do with the blue spectrum for the tensor modes, it provides a constraint on the model parameter range for q. Let us search for the valid range of δ 1 in which r > 0 yields. In order the condition, −1 δ 1 < 0, to be satisfied the model parameter q must take values in the following ranges:
where α > 0 for both cases. We plot δ 1 (N ) and r(N ) in Fig. 6 as an example that the model parameter q which satisfies the Eq. (63) gives rise to negative δ 1 but positive r. The most interesting and unique phenomenon for our model is that the constructed configurations of the potential and the Gauss-Bonnet coupling functions given in Eq. (54)-(55) give rise to the blue-tilled spectral index for the tensor modes.
Conclusion
We have investigated cosmological models with a Gauss-Bonnet term to reconstruct the scalar field potential, V (φ), and the Gauss-Bonnet coupling function, ξ(φ), from the observable quantities of n s and r. The main results of this work were analytically obtained in Eqs. (27)-(28) where both n s and r are assumed to be the functions of N . We chose certain ansatz for n s (N ) and r(N ) as seen in Eqs. (30)-(31) that are in good agreement with the observational data [2, 3] . As an exercise, we considered γ = 1 and γ = 0 cases of Eq. (31) in Section 3.
First we considered the model with γ = 1 in Eq. (31) and obtained the scalar field potential and the Gauss-Bonnet coupling functions, Eqs. (37)-(38). In this case, as α → 0 limit, our model reduces to the Einstein gravity because of the Gauss-Bonnet coupling function becomes either zero or constant such that it has no effect to the background evolution. Our result of this section is consistent with that of Ref. [8] when α → 0 limit. After this, we considered the model where γ = 0 in Eq. (31) and obtained the potentials and the coupling functions for p = 1 and p = 2, separately.
For p = 1 case, the potential and the coupling functions have been obtained in Eqs. (50)-(51). The reconstructed power-law potential shows an inverse relation to the reconstructed Gauss-Bonnet coupling function. Indeed, we obtained the power-law potential for α = 0 but the minimum of the potential shifts from zero by φ min = − nq/(8κ 2 ) as seen in Fig. 1 . However, it is possible to relocate the minimum always at zero by redefining the scalar field. We also found from Eq. (51) that the Gauss-Bonnet coupling function becomes zero if c 2 = 0 or constant if c 2 = 0 for every q = 4n. In either cases, the Gauss-Bonnet term has no effect in the background evolution and, therefore, the background evolution would determined by the Einstein gravity alone. For p = 2 case, we have obtained the potential and the coupling functions in Eqs. (54)-(55). The constructed form of the potential has a similar shape as "T-model" in Ref. [10] with a small bump on the side, see Fig. 2 . The width of the potential is characterized by the parameter q while the height of the bump is determined by α parameter. As α increases, the height of the bump increases and vice versa.
Another key result of our work and the most interesting feature of our model is discussed in Section 4 where we considered the model with γ = 0 and p = 2 case. In our model, the spectrum of the primordial tensor fluctuations has been found to be blue-tilted if the newly constructed potential and coupling functions, Eqs. (54)-(55) with β = 2 is taken to be account. This blue-tilted power spectrum of the tensor modes, n t > 0, is due to the scalar field that needs to climb up its potential in the early stage of evolution hence V φ < 0 and < 0. In order to have successful inflation with enough number of e-folding ∼ 50 − 60, the scalar field in our model needs to be released at value which is larger than field value at which the potential value reached its maximum, φ 0 > φ * , such that it climbs up the potential slope. As a result of such climb up situation, the spectrum of the primordial tensor fluctuations would be blue-tilted.
